Simple but accurate expressions for the total cross sections and energy-absorption cross sections for inelastic scattering of x rays from atomic, molecular, and condensed matter are developed. The starting point is the relativistic impulse approximation for Compton scattering of x rays. This gives the inelastic-scattering cross-section differential with respect to energy and solid-angle interval. Integration over energy of this expression up to all the shells K,L,M, . .. for the orbitals gives a simple result in the "linear" approximation [R. Ribberfors and K.-F. Berggren, Phys. Rev. A 26, 3325 (1982)]. The result is a cross-section differential with respect to solid angle. Numerical results for AI, Ag, and Pb are in good agreement with available experimental values and with the Waller-Hartree theory. It is shown that a further integration of the differential cross section with respect to the solid angle results in a simple formula for calculating the total cross section for inelastic scattering of x rays. A comparison with integrated values of the incoherent scattering function (Waller-Hartree theory) is carried out. Calculations of the (electron) energy-absorption cross-section result in a compact formula. In this case also, we make comparisons with the double-differential cross section integrated twice and with the Waller-Hartree theory.
INTRODUCTION
Studies of inelastically scattered photons from electrons are important in the energy region of 5 MeV down to a few keY. Data on differential cross sections for atoms, molecules, and solids are essential in calculating radiation attenuation, transport, and energy deposition in medical physics, industrial radiography, and in a variety of other areas in addition to x-ray crystallography.} The total cross sections are, in principle, easy to obtain by numerical integration of the differential cross sections. Unfortunately the mathematical procedure is not so trivial, which, however, in many cases, allows for some simplifications. A frequently used expression for the incoherent scattering cross section per unit solid angle is described by the Klein-Nishina 2 (KN) theory. In this theory (dald{})incoh can be expressed as where S(CtJ,(},Z) is the incoherent scattering function, () is the scattering angle, and CtJ the energy of the incident photon. Z is the atomic number of the scatterer. The first factor in Eq. (1) is the KleinNishina differential cross section per solid angle for scattering by free electrons. We may consider at least two independent ways to obtain Eq. (1). (The details are given in Ref. 3 . We only give a short review of the basic ideas here.) The first way is to use the Waller-Hartree theory combined with the Hartree-Fock approximation for closed-shell systems. This gives, for the incoherent scattering function, m,n (2) where q is the momentum transferred during the collision. The nonrelativistic differential cross section for scattering off free electrons (d a I d {} )NR is then replaced by the relativistic expression (dald{})KN in a heuristic way in Eq. (1).
Tables of the structure factor S (q) for different elements are given by Hubbell et ale I In order to obtain the total cross section a one then integrates Eq.
(1) with the structure factor Eq. (2) over the solid angle {} as done by Hubbell et ale } In this work we obtain the total cross section by using the impulse approximation (IA).4,5 In this approximation it is assumed that the binding energies of the orbital electrons are so weak that the electrons 27 3061 © 1983 The American Physical Society (3) are scattered by the photons into plane-wave states.
In the nonrelativistic IA the p.Aterms are rejected in the electron-photon part of the Hamiltonian. The relativistic version for the double-differential cross section is with simplified X factor (we are using the Klein-Nishina X factor)
In this expression the relativistic X factor is given by
XKN=w/we+we/w-sin2{} (4) with We equal to the Compton line. In Eq. (3), J(pz) is the Compton profile
In Eq. (5), pz is the projection of the electron momentum p of the initial electron on the scattering vector k' -k. In Sec. I it will be shown that the total cross section a may be calculated in a very simple way using a "linear approximation." In Sec.
II we calculate the energy-absorption cross section for electrons scattered by photons with use of the same method. As a consequence of the linear approximation only a knowledge of the J;(O)'s and the I binding energies for the electrons is required. These parameters are available in the form of extensive tables.
6 , 7 Section III contains numerical results (total cross sections) for AI, Ag, and Pb. Section IV contains numerical results (the energy deposition) for AI. We conclude with a brief summary.
The possibility of calculating inelastic x-ray scattering functions by integration of the IA expression has been discussed before by many other authors. 8 -l2 This paper is an extension of the previous work to a relativistic formalism and involves the use of a very simple (but useful) method, namely, the linear approximation. In order to obtain the total cross section a, the double-differential cross section must be integrated over energy-and solid-angle intervals. It will be shown in the Appendix that Eq. (3) is a good expression for the double-differential cross section. The expression for the total cross section for a specific orbital may then be written (see the Appendix) (6) It will be shown in the Appendix that it is a good The summation is over the occupied orbitals.
A differentiation of Eq. (8) gives
and the projection of the momentum of the initial electron p on the scattering vector k' -k is
In Eq. (6) we have to restrict the integration over the energy of the scattered photon w' up to w'=w-I;, where I; is the ionization energy of the electron in the ith orbital. The total cross section is then given by (11) where Pi,max is the highest pz value for which an electron in orbital number i is able to be excited. (See Table I for details.) The Pi ,max is obtained by putting w where Ii is the ionization energy of the electron in the ith orbital. The P;,max may be positive or negative. The allowed domain of the (}-pz integration is shown in Fig. 1 as a shaded area. We are now able to integrate Eq. (11) analytically with respect to one variable if we describe the domain of integration in the following way (see Fig. 1 (14) and the argumentYt in Eq. (14) is given by Yl = [mI; +p; +Pz(2mI i 
A Taylor expansion of Eq. (14) at Yl =0 gives
This expansion is valid for binding energies I; < (ll 12 and pz not too far from zero.
We are now able to integrate Eq. (13) in an approximate way withf(pz) given by Eq. (17). The result is The expression for R n in Eq. (18) is (20) withY1 given by Eq. (16) .
In Eq. (20) we have replaced the exact Compton profile [Eq. (5)] by a step function Sj =211" J. o oo dp pp;(p), IPi I~O.5IS;
If we make use of this approximation in Eq. (19) the result will be 
with the function F n (x) given by
The argument X (Pi ) in Eq. (23) is
The polynomial Sn (x) in Eq. (24) is given by a recursion formula (26) with So(x)=x.
In Sec. III we compare different calculations of the total cross section a for different materials and energies lU. It will be shown that the simple approximations Eqs. (9)- (26) are reasonable expressions for materials with atomic numbers ranging from low to high and for energies OJ in a very wide range.
II. TOTAL INCOHERENT (BOUND ELECTRON) ENERGY-ABSORPTION CROSS SECTION (keVb/ATOM)
The scattering of photons with energy W by electrons in atoms, molecules, or condensed matter will result in an energy loss OJ-(i)', where w' is the energy of the scattered photon. The energy W -OJ' is transferred to the electron, and the total energy absorption cross section per atom may be written as (27) where the integration is over the total solid angle n' and the energy integration is extended to all the shells K,L,M, . .. for the electrons in the orbitals.
In order to simplify Eq. (27) we use the arguments given in Sec. I. We change the integration variable w' to pz with use of Eqs. (8) and (10) and insert the simplified expression for the double-differential cross section Eq. (3). The energy-absorption cross section per electron may now be written 
and the integration of Eq. (28) is straightforward after a change of the domain of integration, in the same way as in Fig. 1 
For (i) < 50 keY it is better to use a series expansion for h(k) because of near cancellation between logarithmic and pure algebraic terms. The result in this case is
The second term in Eq. (35) may be evaluated with (3(w,wc,()) given by (3(w,wc,() 
The second integral in Eq. (35) is now given in a form which is suitable for k =w/m < 1. With
n + 1 (38) (39) (40) we obtain the energy-absorption cross section
The relative importance of the second term in Eq. (42) With increasing w the energy-absorption cross section U a tends to the free-electron expression, as expected.
In Sec. IV we compare different approaches for calculating the energy-absorption cross section a a I for aluminum. It will be shown that the simple free electron expression [Eq. (42) 
III. THE TOTAL CROSS SECTION: NUMERICAL RESULTS FOR AI, Ag, AND Pb
We have performed calculations of the total cross section (a) for AI, Ag, and Pb. In all these cases we have used Eq. (18) for the contribution from each electronic orbital to the total cross section. For Al we have calculated the occupation number n (Pi) given by Eq. (19) from the analytical, nonrelativistic Hartree-Fock wave functions of Clementi and Roetti. 6 For the valence electrons we have used for the occupation number
where PI is the Fermi momentum and Zval is the valency of the atom. Equation ( 
O(Pz) is a Dirac°function.
It is remarkable that the difference between the present calculation for AI, Ag, and Pb and the Waller-Hartree theory is only of the order of 5% for photons with energies varying from about 1 keY and up. The deviation between the present calculation and the free-electron Klein-Nishina expression goes to zero with increasing energies of the incoming photon. This is expected because the effect of the binding of the electrons in this case becomes negligible. In view of the numerically cumbersome nature of the Waller-Hartree theory it is therefore gratifying to note that the only thing we have to do when FIG. 7. Difference between calculations of the energy absorption cross section according to Eq. (41) and the exact integration of Eq. (27) (solid curve). Dotted-dashed curve gives the difference between a free-electron KleinNishina calculation (no binding energies) and the exact integration of Eq. (27). Energies for the incoming photons are between 2 and 100 keV. The difference between the values given by Storm and Israel and the exact integration is for most of the energies out of range and therefore cannot be represented in the figure. and IsraelI? are far away from the first three curves. The explanation for this lack of agreement is that the Waller-Hartree theory gives an energy transfer to the electron of W-Wc where We is the Compton line.
The correct energy transfer is of course w -w' , where w' is the energy of the scattered photon. It is fortuitous that the very simple Klein-Nishina expression gives a better result than the more complicated theory used by Storm and IsraelI? and Hubbell et ale I With increasing energies all four curves go to the free-electron Klein-Nishina expression in an asymptotic way, as expected. In Fig. 7 we see the difference between Eq. (41) and the "exact" calculation, Eq. (27). This difference is indeed very small in the interval from w = 1 keV up to w = 100 keV. The difference between the Klein-Nishina expression [Eq. (41) with M 2 =0] and Eq. (27) seems to increase with w, but we have to keep in mind that the relative error is small. The conclusion of all this is that the Klein-Nishina expression seems to be a good basis if one wants to calculate energy transfer.
Using a relativistic formulation of the impulse approximation, simple expressions for the total cross section for an unpolarized x-ray source have been derived by an integration over Compton profiles. 20 • ermore, the simplicity and generality of this calculation routine would be tractable, for example, for people who are interested in computerized calculations of radiation attenuation, transport, and energy deposition in medical physics, reactor shielding, and industrial radiography.
In this section we compare four different methods for calculating the energy transferred to the scattered electrons in AI. We express the energy deposition in keVb/atom. By dividing this expression with the energy of the incoming photon we obtain another representation in units of b/atom (see Hubbell et al. 1 and Storm and IsraelI?) . In Fig. 6 we see how the energy deposition increases with the energy of the incoming photon, w. The solid curve is obtained by integrating Eq. (27) 3 The simple expression for the total cross section contains as parameters only the ionization energies and the maximum values of the Compton profiles for the electrons in the individual orbitals. This makes the method applicable for all elements in the periodic system and also for more complex materials.
We have also calculated the energy transferred to the electrons scattered incoherently by unpolarized x-ray photons. In this case we have derived a simple formula which is close to the free-electron KleinNishina expression. Explicit calculations for Al have demonstrated a systematic difference between our calculations and those based on the WallerHartree theory. We have explained this difference as a result of an incorrect energy transfer (w-we) in the Waller-Hartree theory. In fact, we have expli-I citly shown that we obtain values close to that of Storm and Israel by replacing w-w' in Eq. (27) with W-We. The error introduced by such a choice results in depressed values of the integrated Eq. (27) in Fig. 6 . In our work we have used the impulse approximation (IA). The energy transferred to the whole system is by definition w -w'. This energy shift contains implicitly the energy transferred to the scattered electrons and the ionization energy of the atom. There is no need in IA for a special analysis of the components of the ionization energy as made by Charlton.
I8 The dominating error in the Waller-Hartree expression for the cross section for the energy transfer is, as we have demonstrated, the incorrect energy transfer, W-We with We equalling the Compton line.
We have made comparisons between different theoretical methods. Unfortunately we are not aware of any experiments with which to compare our results. There is an urgent need for precise measurements of total cross sections and energy depositions and we look forward to these kinds of experiments.
Note added in proof Equation (18) in Sec. I may be evaluated in an exact way in the linear approximation. The result is J;(O) is the top value of the Compton profile and the arguments X2;=X(P;) and Xli=x ) with x(p; ) given by Eq. (25). In addition to this we have the following simple rules: Pi < -0.5 lSi gives Ui =0, P; > 0.5 lSi gives n (Pi) = 1, and x 2i =x (0.5 lSi ). The function h (x) is given by the following expressions: a =2m(w-l; )-1/, b = 2mI; +1/, c=2-1/lm(w-l;) , k =wlm, a(x)= Iva arctan(xlva), which gives kh(x)= l/e 2 [0.5(a -b) 
The arguments in the X factor are given by R =cu [(m 2 +p;) 
where qc is given by insertion of cu' =CUe in the momentum transfer,
R' =R -cucu'( I-cosO) .
(AS) (All) where Pi,max is the maximum pz value, Le., pz for cu' =cu -Ii (Ii is the ionization energy). Consider the integration over pz for the first-momentum integral in Eq. (A10). This is of the type 
